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In[1], Metzger proposed whether John-Nirenberg’s theorem for BMOA in the unit
disk can be translated to Riemann surfaces. For the compact bordered Riemann surface R
we give an affirmative answer. Also we introduce a special class of Ba spaces on R and then
point out a relationship between BMOA(R)and Ba(R).

Let A be the unit disk: A= {z:]z|/<1}. Then'

BMOA(A) = {f » f is analytic in A, [| Il ,=sup (J. If(e"“)—f(&)ldpa(ﬂ))<00 },
e

aed

where dy, (0) = |el.-e__l(:1[}22 ;1?: '

For BMOA(A), we know the following important John-Nirenberg's theorem! >,

Theorem A. Let f(z) be an analytic finction in A, f(z) belong to BMOA(A) iff

p,({e®edA,lfe®)—fla)] >1})<Ke, (2.1)

where K and B are two constants, and when f € BMOA(A), fi= c/Nfll 4. c is a constant,
4#a\E)is the harmonic measure of E with respect to A.

, In[1], Metzger defined the BMOA (R )in the following way.

Definition 1. Let R be a Rieann surface which possesses a harmonic Green's function,
denoted by g, (¢»gy). Then a holomorphic function on R is said to belong to BMOA(R)if

(B (F) )2=3up{J j| F’(q)[ 2 2z (g qo)dq dq~ )} < . (2.2)
qoe R R |
Theorem 1. Let R be a compact bordered Riemann surface whose boundary 0R consists

of finite numbpers of analytic Jordan curves, F(q)be a holomorphic function on R. Put

.
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Ey()={qe dR.|F(q)~F(gy)l >1. gy R }.
Then, F(q)€ BMOA(R)if and only if

u (Eo(t)—sup {J 08r(q:Go) ds} <Ke P, (2.3)
90 R CJE 0 on

where n is the inner normal at q, K and B are two constants, and when F(q) eBMOA(R),
then B=c/Bx(F), cis a constant. -

To prove Theorem 1, we need the following facts: For a compact bordered
Riemann surface R, we know that the universal covering surface for R is conformally equiva-
lent to the unit disk A, the group of deck transformations is a Fuchsian group I'={ % 1. We
denote by Q and A/T its fundamental region and the associated Riemann surface respectively.
Now if Fis a holomorphic function on R, then f(z)=F.¢(z)is its “pull back”, where ¢:
A — Ris a universal covering map (or projective map). It follows immediately that f(z)is
an automorphic function with respect to I'. And we define the “pull back” of BMOA(R)as
follows :

BMOA(A/T )=BMOA(A){ automorphic functions with respect to T }.
Metzger proved
Theorem B. f(z)¢ BMOA(A/T') if and only if Fe BMOA(R).
The following theorem will be used.

Theorem C'. Let R be a compact bordered Riemann surface whose Green fimction
8x(q- qu) can be Iifted to A via the projection p(z ), i.e. gr(z,a)=glp(z), (a)). Then.

(i) gr(z, a) =) g (z y.(a)) —Z & (2, a,) where a,=y,(a), a,=a ad

in €

l-az

gx(z.a)=log

— 20, s
z=e";

(ll r(ma G‘Z I-la '

|z— alz’

(iii)f :ACT: P
annea igd ‘

where y is the inner normal at z € 0Q (0A.

Proof of Theorem 1. We suppose that F belongs to BMOA(R). Let ¢:A —~ Rbe
a projective mapping with ¢(a) =gy, a € Q. Since ¢ : A— R is one to one, ¢ : Q Q—-R
is surjective and ¢ (9€2() 0A)=0R . By the definition, it holds that
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J‘ 0g:(q: 45 dg:J Ogr(z.a) T (2.4)
Eg() on Egley o :

where Ey(t) = {é“’ edQ (oA, 1 f(e®)—f(a)l>t }. Putting y,(Es(¢))=E,(t), y,€T ,we
have ,

U E,(1)={e®c oA Lf(e?~f(a)l >1 }= E).
n=0

Since g, (z,y,-(a))=g, (y; '(z), a), we have dg,(z,y,(a))=dg,(y,"'(z).a), where g, (z.a)
is the conjugate function of g, (z, a). Therefore,

J 8&(2{}5,’01)) ds:f dg;(z,y”(a))=J dg,;(y,,'](z),a)
E0() 4 Eot) Eole)

1-]al?

= T B
Jr;‘(Eoun (z-a)

According to Theorems A and C(ii), we get

LJ‘ 0gr (z,a) dg:iJ 1-la,l* db =J 1-lal> do
2 Jppr O =0 Jeg 0 lz~a,l* 2= g 2-al’ 2m
0

do, z=¢" ,

[ =%:]

n

=J du,(0)<Ke™®, (2.5)
E®()

where f=c/ |l fll . But we know that!!

AN, ~ By(f)=sup {Jf |f(z)|2gA(z.a)drdy},
a

ael

therefore =" /B, (f ).
On the other hand, by Theorem C(i)

jJIF’(q)lzgR (q,qo)dqd2f=”‘ Lf"(2)I? g (z.a) dxdy
R s Q

=J L/ (2)I? igA(Z’ a, )dxdy=f jlf(z)l’&(z,a)ﬁd}’- (2.6)
(4] A

n=0
Note that the supremum over ain A or the supremum over a in Q is the same, i.e. By(f)
=B;(F). Combining (2.6 )with (2.5)and (2.4), we obtain (2.3). Conversely, according to
the above discussion, if (2.3 ) holds, then

pe{e € 081 /() ~f(a)l > 1)} = o J ﬁ&-%‘ln—ﬂl ds<Ke ™.

Eo(r)
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By Theorem A, f(z) € BMOA(A). On the other hand, it is obvious that f(z)is an
automorphic function with respect to I', and by Theorem B, f(z) e BMOA(A/T), i.e.
Fe BMOA(R).

Similar to the proof in the case of the unit disk and noting Theorem C(iii), we have

Corollary 1. F e BMOA(R) if and only if
sup (J I.F(q)—F(qo)l”—ggia%’—qgl ds)%Mp<oo | (2.7)
2R _ : , N L

doe R _
KT(p+1)

and M'/?~ B(F). When FEBMOA(R), M, < 7

(B (F))?.
In [5), a new function space called a Ba space is introduced . Here we shall give a special
class of Ba space on a compact bordered Riemann surface, denoted by Hy (R).
First, let us recall the definition of Hardy class on the Riemann surface
H,(R)={F. F is holomorphic functions on R and | F(q)|” has a harmonic majorant }.

If H(g)is the least harmonic majorant of |[F(g)!% then || Fll ; = H(go)1'"? gy € R> and
H,(R)is a Banach space with the norm | -ll,, ,p=119, Given H,(R), let H,(A/T)=
H, ,(A)" automorphic functions with respect to r Jbeiits “ pull back ”. It is easy to see that if
H (q) is the least harmornic majorant of | F(g)|?, then h(z)= H.p(z)is the least harmonic
majorant of | f(z)I?, and h(z)is automorphic with repect to I" and || £l Hy, = | h(a)lV?.

Now we give the definition of Ba space on the Riemann surface as follows . Let E(z)
"z a,, z" be an entire function with finite order 0<p< oo and mean type < 0> and

m=1

a,=>0.Let {p, Jbe a sequence satisfying

I<p<p,<--<p,= ®©

and
— L s
lim p,/m’ =p*<w . @3.1)
ForF(q)e ﬂH (R), set
m=1
I(F,a)=Y a,lFl7, am. (3.2)
m=1 m ;

We denote by d; the radius of convergence of (3.2). Then
Hy (R)={F.Fe () H, (R). d;>0},
m=1 e .

which is a Banach space with the norm || - ||, , defined by
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I Fll g, = inf{ ﬁ IR al)<1 ).

Putting [l Flll=sup{ | F(g)— F(go)lls }, we have

94¢ R
Theorem 2. There exists a constant ¢ such that
¢ 'Br(F)< Il Flll <cBg(F). (3.3)
Proof. We denote F(q)— F(q,)by 1:'(q). Then by Corollary 1 wé have
I EIm = J | Fg)-F(goim 2888ed0). g5 « KLt 1) gy,

and therefore

s ol : ol - ”
I(F, B.(F) Z W Flig, € B ) )”'sm;lA,,,lal. (3.4)

where A=aK 7 (I'(p+ 1 )™/2/ ¢™. By Stirling’s formula
T(p+1)=pre? 27y (1+0(1))

and the following relation

(pec)7 =lim (mP'{/_ ),

notihg the condition (3.1), we can show that lim '\'/Z: Sp*(pea)w/ ce, then the radius

of convergence of the series (3.4) dr > a, = ec/ 2p*(pes )'*>0, and therefore

= |a0l < *
I(Fs BR(F) )\K(p,o,p )<CD.

Similar to the proof in [ 4], we get

Il Flll <( max{ al , —al—K(p,o,p*)} )B, (F).
0

0

m

' 1
Conversely we take ¢,= min{ }= - ,and then
° Va v a,,

m (]

12I(F, 5= )2a,, HFI!',",“ /llFl]

fl ﬁll

Thus,

I Flly, <ellFIl.
Mo

By Corollary 1 we get
B{(F)<cllFll.

The first author would like to express his gratefulness to Prof. S. Yamashita for his helpful
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